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The Lefschetz hyperplane theorem says that if X ⊂ PN is a smooth projec-
tive variety over C and C ⊂ X is a smooth curve which is a complete intersection
of hyperplanes with X then
πtop1 (C)→ π
top
1 (X) is surjective,
where πtop1 is the topological fundamental group. Later a quasiprojective version
of this result was also established (see, for instance, [Goresky-MacPherson88]
for a discussion and further generalizations). This says that if X0 ⊂ X is open
and C ⊂ X as above is sufficiently general, then
πtop1 (C ∩X
0)→ πtop1 (X
0) is surjective.
On a rationally connected variety one would like to use rational curves to ob-
tain a similar result. Complete intersection curves are essentially never rational.
(For instance, if X ⊂ Pn is a hypersurface then a general complete intersection
with hyperplanes is a rational curve iff X is a hyperplane or a quadric.) There-
fore we have to proceed in a quite different way.
LetX be a smooth, projective, rationally connected variety over C andX0 ⊂
X an open set whose complement is a normal crossing divisor
∑
Di. Let C ⊂ X
be a smooth rational curve which intersects
∑
Di transversally everywhere. It
is then easy to see that the normal subgroup of πtop1 (X
0) generated by the
image of πtop1 (C ∩X
0) is πtop1 (X
0) itself. One can also achieve that the image of
πtop1 (C ∩X
0) has finite index in πtop1 (X
0). The map πtop1 (C ∩X
0)→ πtop1 (X
0)
is, however, not always onto. Some examples are given in [Kolla´r00, 4.5].
πtop1 (X
0) is typically an infinite group and in many questions the difference
between it and its finite index subgroups is minor. However, in the arithmetic
applications, for instance in (34) and in [Kolla´r-Szabo´02] it is crucial to prove
surjectivity.
In order to work in arbitrary characteristic, we should use the algebraic
fundamental group, which we denote by π1. (A very good introduction to
algebraic fundamental groups is [Me´zard00]. A more thorough treatment is
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given in [Murre67] and the ultimate reference is [SGA1].) All the crucial points
of the arguments in this paper can be seen by concentrating on the case of
complex varieties and the topological fundamental group.
We care only about finite quotients of the algebraic fundamental group.
Classically, quotients of the fundamental group correspond to covering spaces,
and similarly, finite e´tale covers correspond to finite index subgroups of the
algebraic fundamental group. (Strictly speaking, the correspondence is with
finite index open subgroups, but the relevant topology plays no essential role in
what follows.) A consequence of this is that a surjectivity between fundamental
groups can be checked on finite quotients. We adopt this as a definition:
Definition–Theorem 1. (cf. [Murre67, p.94]) Let k be a field and p : Y → X a
morphism of normal, geometrically connected k-schemes. Then π1(Y )→ π1(X)
is surjective if for every finite e´tale cover X ′ → X with X ′ connected, the pull
back Y ×X X
′ is also connected.
Similarly, the image of π1(Y )→ π1(X) is said to have index ≤ m if for every
finite e´tale cover X ′ → X with X ′ connected, the pull back Y ×X X
′ has ≤ m
connected components.
There are infinite groups without finite quotients. Thus there are compact
manifolds which are not simply connected but have no finite sheeted covering
spaces. It is not known if this also occurs for smooth projective varieties over C.
In any case, the algebraic fundamental group detects only the finite quotients
of the topological fundamental group in characteristic zero.
Remark 2 (Base points). As in topology, the fundamental group can be
defined only with a fixed base point. Fundamental groups of the same scheme
with different base points are isomorphic, but the isomorphism is well defined
only up to inner automorphisms. For some questions, for instance for surjectivity
of maps, this does not matter. In such cases we occasionally omit the base point
from the notation.
It is, however, important to keep in mind that ignoring the base point can
easily lead to wrong conclusions.
In algebraic geometry the base point is a geometric point of X . That is, a
morphism x¯ → X where x¯ is the spectrum of an algebraically closed field. If
x ∈ X is a point and K is any algebraically closed field containing the residue
field k(x), then we get a geometric point x¯ := SpecK with a map x¯→ X . The
resulting fundamental group π1(X, x¯) does not depend on the choice of K and
we usually denote it by π1(X, x).
As in topology, we have the equivalence
{
finite index open
subgroups of π1(X, x)
}
⇔


connected finite e´tale
covers of X plus a
lifting of the base point


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1 Statements of the main results
Separably rationally connected (or SRC) varieties were introduced in [Ko-Mi-Mo92].
See [Araujo-Kolla´r02, 34] in this volume for the definition and basic properties.
(Note in particular that an SRC variety is always assumed to be geometrically
connected.) A weaker version of our main Theorem (3) was proved in [Kolla´r00].
The key improvement is that the present proof, besides being simpler, does not
need the resolution of singularities, thereby extending the range of applications
to positive characteristic. It is also nicer that the choice of the curve C is largely
independent of the open set X0.
We formulate the main result in two versions, with fixed base point and with
variable base point. Both are quite useful and it seems very cumbersome to have
a unified statement.
Theorem 3. Let X be a smooth, projective, SRC variety over a field k and
x ∈ X(k). Then there is a dominant family of rational curves through x (defined
over k)
F :W × P1 → X, F (W × (0:1)) = {x}
with the following properties:
1. W is geometrically irreducible, smooth and open in Hom(P1, X, (0:1) 7→ x)
and F :W × (1:0)→ X is smooth.
2. There is a k-compactification W¯ ⊃W such that W¯ has a smooth k-point.
3. F ∗wTX is ample for every w ∈W .
4. Let K ⊃ k be an algebraic closure and X0K ⊂ XK any open K-subvariety
containing x. Then for every w ∈W (K) the induced map on the geometric
fundamental groups
π1(F
−1(X0K), (w, (0:1)))։ π1(X
0
K , x) is surjective.
Remark 4. From the proof we see that we have considerable freedom in con-
structing W and F . Thus we can construct them with additional properties
that are useful in some applications.
5. If dimX ≥ 3 then we can also assume that F is an embedding on every
P1w. If dimX = 2 then we can also assume that F is an immersion on
every P1w.
6. Given an integer d, we can also assume that F ∗wTX(−d) is ample for every
w ∈ W .
7. Fix an embedding X ⊂ PN . Then the degrees of the curves F (P1w) can be
bounded from above in terms of the degree and dimension of X (and the
above integer d).
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We point out at the end of the proof (26) how to achieve these additional
properties.
These comments also apply to (6).
Based on topology, one would expect that for w ∈ W (K) general, the induced
map
π1(P
1
w ∩ F
−1(X0K), (0:1))→ π1(X
0
K , x)
is surjective. This is indeed so in characteristic zero, but in characteristic p the
e´tale covers of p-power degree behave unexpectedly (see, for instance, example
(15)). The following weaker result, however, still holds, and this is enough for
most applications.
Corollary 5. Notation and assumptions as in (3). Let π1(X
0
K , x) ։ G be
a finite quotient (whose kernel is open). Then there is a dense open subset
W 0G ⊂W such that for every w ∈ W
0
G(K) the composed map
π1(P
1
w ∩ F
−1(X0K), (0:1))→ π1(X
0
K , x)→ G is surjective.
The base point free version of (3) is the following:
Theorem 6. Let X be a smooth, projective SRC variety over a field k. Then
there is a dominant family of rational curves (defined over k)
F :W × P1 → X
with the following properties:
1. W is geometrically irreducible and smooth.
2. F is smooth and F ∗wTX is ample for every w ∈ W .
3. Let K ⊃ k be an algebraic closure and X0K ⊂ XK any open K-subvariety.
Then for every z ∈ F−1X0K(K) the induced map on the geometric funda-
mental groups
π1(F
−1X0K , z)։ π1(X
0
K , F (z)) is surjective.
Corollary 7. Notation and assumptions as in (6). Let YK be an irreducible
K-variety and h : YK → XK a dominant morphism.
Then there is a dense open set W 0Y ⊂ WK such that for every w ∈ W
0
Y (K)
the fiber product YK ×XK P
1
w is irreducible.
2 Fundamental groups in families
In this section we gather some fundamental group lemmas. The main result is
(17) comparing the fundamental groups of different fibers of a morphism.
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Lemma 8. Let X be a normal variety and X0 ⊂ X an open subvariety. Then
for every geometric point x → X0 the induced map π1(X
0, x) ։ π1(X, x) is
surjective.
Proof. Let p : Y → X be a finite e´tale cover with Y connected. Since Y is
normal, it is also irreducible. Then p−1(X0) ⊂ Y is a dense open subscheme,
hence also irreducible and connected.
Lemma 9. Let p : Y → X be a dominant morphism of normal varieties. Then
there is an open subset X0 ⊂ X and a factorization
p−1(X0)
q
→ Z0
r
→ X0
such that q has only geometrically irreducible fibers and r is finite and e´tale. Z0
is also normal and if Y is irreducible then so is Z0.
Proof. Let Y¯ ⊃ Y be a normal variety such that p extends to a proper
morphism p¯ : Y¯ → X . Let Y¯ →W → X be the Stein factorization of p¯. W → X
is finite and dominant, hence W is the normalization of X in the function field
k(W ). Let F ⊂ k(W ) denote the separable closure of k(X) in k(W ). Let Z
be the normalization of X in the function field F . Then k(W )/k(Z) is purely
inseparable and k(Z)/k(X) is separable. Thus Z → X is e´tale over an open set
X1 ⊂ X .
Next we claim that there is an open subset W 1 ⊂W such that the fibers of
Y¯ →W are geometrically irreducible over W 1. This is a little tricky in positive
characteristic. Set K = k(W ).
The generic fiber Y¯K is normal andH
0(Y¯K ,O) = K by the definition of Stein
factorization. Unfortunately this does not imply that the geometric generic
fiber Y¯k¯ is also normal. Nonetheless, by (10) the geometric generic fiber Y¯K¯ is
irreducible.
Thus there is an open subset W 1 ⊂ W such that the fibers of Y¯ → W are
geometrically irreducible over W 1 (cf. [EGA, IV.12]). Let X2 ⊂ X be an open
subset whose preimage in W is contained in W 1. Taking X0 := X1∩X2 we are
done.
Lemma 10. Let ZK be a normal proper variety over a field K and assume that
H0(Z,OZ) = K.
Then Z is geometrically irreducible, that is, ZK¯ is irreducible.
Proof. If L/K is a separable field extension then ZL := ZK ×K SpecL is
also normal (see, for instance [Matsumura80, 21.E]). If we are in characteristic
zero then K¯/K is separable, thus ZK¯ is also normal. Cohomologies of sheaves
change by tensoring under field extensions, thus H0(ZK¯ ,OZK¯ ) = K¯, and so ZK¯
is connected. A normal and connected scheme is irreducible.
In positive characteristic we have a problem with inseparable extensions of
K.
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Let L/K be a finite degree purely inseparable extension. Let ZnL denote the
normalization of ZL. Then Z
n
L is also the normalization of ZK in the function
field L(Z). L(Z)/K(Z) is purely inseparable, thus there is a p-power q such
that the q-power map Fq : g 7→ g
q maps L(Z) into K(Z). This implies that,
up to a power of the Frobenius map, ZnL → ZK can be inverted. In particular,
ZnL → ZK is a homeomorphism.
Every finite extension of K can be written as a separable extension followed
by an inseparable one. Putting these two steps together we get that if YK is
normal and geometrically connected then it is geometrically irreducible.
Lemma 11. Let p : Y → X be a dominant morphism of geometrically irre-
ducible normal varieties over an algebraically closed field k. Let y¯ → Y be a
geometric point of Y and x¯ = p(y¯). Then im[π1(Y, y¯) → π1(X, x¯)] is a finite
index closed subgroup of π1(X, x¯).
Proof. Let Y 0 := p−1(X0)
q
→ Z0
r
→ X0 be as in (9). π1(Z
0) has finite index
closed image in π1(X
0), which surjects onto π1(X). Thus it is enough to prove
that π1(Y
0) surjects onto π1(Z
0).
Let Z1 → Z0 be a connected e´tale cover. Then Y 0 ×Z0 Z
1 → Z1 has
geometrically irreducible fibers, hence the fiber product is also connected. Thus
π1(Y
0) surjects onto π1(Z
0) according to the definition (1).
The following result was stated by [Campana91] over C but the proof applies
in any characteristic:
Corollary 12. Let X be a normal, proper rationally connected variety over an
algebraically closed field k. Then π1(X) is finite.
Proof. Let x ∈ X be any point. Since X is rationally connected, there is a
dominant morphism
F :W × P1 → X such that F (W × (0:1)) = {x}.
By (11) the image of π1(W ×P
1) has finite index in π1(X). On the other hand,
π1(W × P
1) = π1(W × (0:1)) and the latter is mapped to the identity. Thus
π1(X) is finite.
In the smooth case, we even have simple connectedness. In characteristic
zero this was proved by [Campana91], it is also explained in [Debarre02]. The
positive characteristic case follows from a recent result of [deJong-Starr02], a
proof is written up in [Debarre01, 3.6].
Theorem 13. [Kolla´r01] Let X be a smooth projective SRC variety over an
algebraically closed field k of arbitrary characteristic. Then π1(X) = {1}.
14 (Fundamental groups in families). We also need to know how the funda-
mental group varies in families. In characteristic zero the question is topological
and easy. There are some new twists in positive characteristic. Several of these
are illustrated by the following example:
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Example 15. Let us work over an algebraically closed field of characteristic
p. Consider the surface S := (f = 0) ⊂ A3 where f = y + z − xzp + z2p. The
derivative ∂f/∂z = 1, so the projection onto the z = 0 plane S → A2 is finite
and e´tale. (This already shows that π1(A
2) is nontrivial.)
Consider the line Lc := (y− cx = 0). The preimage of Lc in S is isomorphic
to the curve cx+ z − xzp + z2p = 0. If c = 0 then this curve is reducible but if
c 6= 0 then it is irreducible. This shows that the image of
π1(A
1) ∼= π1(Lc)→ π1(A
2)
depends on c, and in fact the map is not surjective for c = 0. Since any two lines
are equivalent under automorphisms of A2, we get that for any line L ⊂ A2, the
natural map
π1(A
1) ∼= π1(L)→ π1(A
2)
is not surjective. It is not hard to see, however, that the following slightly weaker
version holds:
Let π1(A
2)→ G be a finite quotient (with open kernel). Then the composite
π1(A
1) ∼= π1(L)→ π1(A
2)→ G
is surjective for a general line L, the notion of general depending on G.
The latter observation holds very generally:
Proposition 16. Let k be an algebraically closed field. Let f : Y → X be a
morphism of irreducible and normal k-varieties. Let S ⊂ Y be an irreducible
sub-variety such that S → X is dominant. For s ∈ S(k) let Ys denote the
fiber of f over f(s). Let Z be a variety, z ∈ Z(k) a point and π1(Z, z) → G
a finite quotient (with open kernel). Let h : Y → Z be a morphism such that
h(S) = {z} ∈ Z.
Then there is a dense open subset S0 ⊂ S such that for every s ∈ S0(k) the
two maps
π1(Ys, s)→ π1(Z, z)→ G and π1(Y, s)→ π1(Z, z)→ G
have the same image.
Proof. We are allowed to change base from X to S and then replace S by
an open subset. Thus we can assume that S ∼= X is a section.
Let Z ′ → Z be the cover corresponding to the image of π1(Y, s)→ π1(Z, z)→
G. We need to prove that the number of irreducible components of Z ′ ×Z Y
is the same as the number of irreducible components of Z ′ ×Z Ys for s ∈ S
0.
Let W ⊂ Z ′×Z Y be an irreducible component. Then W is an irreducible e´tale
cover of Y which is trivial over S. Let g : W → X be the composite.
As in (9) there are open sets X0 ⊂ X , W 0 ⊂ W and a factorization W 0 →
V 0 → X0 where W 0 → V 0 has geometrically irreducible fibers and V 0 → X0
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is finite and e´tale. Since S ⊂ W is a section of g, we have X0 ∼= S ∩W 0 →
V 0 → X0, thus V 0 ∼= X0. Therefore W 0 → X0 has geometrically irreducible
fibers.
As a corollary we obtain a lower semicontinuity statement for fundamental
groups of fibers. We do not compare the groups themselves, just their images
in finite groups whenever this can be done sensibly.
Corollary 17. Let k be an algebraically closed field. Let f : Y → X be a
morphism of irreducible and normal k-varieties with a section S ⊂ Y . For
s ∈ S let Ys denote the fiber of f over f(s). Let Z be a k-variety, z ∈ Z(k) a
point and h : Y → Z a morphism such that h(S) = {z} ∈ Z.
1. For any s, s′ ∈ S,
im[π1(Ys, s)→ π1(Z, z)] ⊂ im[π1(Y, s
′)→ π1(Z, z)].
2. Let S0 ⊂ S be any dense open subset. Then
im[π1(Y, s
′)→ π1(Z, z)] = 〈im[π1(Ys, s)→ π1(Z, z)] : ∀s ∈ S
0〉.
Proof. The maps Ys → Y → Z give the inclusion
im[π1(Ys, s)→ π1(Z, z)] ⊂ im[π1(Y, s)→ π1(Z, z)].
Since S is irreducible and contracted to z,
im[π1(Y, s)→ π1(Z, z)] = im[π1(Y, s
′)→ π1(Z, z)]
for any s, s′ ∈ S, proving (1).
This implies the containment⊃ in (2), and we only need the reverse inclusion.
By the correspondence between the fundamental group and finite e´tale covers
we need to prove that if Z ′ → Z is a finite e´tale cover such that Ys ×Z Z
′ is
reducible for every s ∈ S0 then Y ×Z Z
′ is also reducible. This is so by (16).
Remark 18. Several times we will apply (17) to smoothings of combs, as
defined in [Araujo-Kolla´r02, 43]. Let C = C0 ∪ · · · ∪Cn be a pointed comb with
handle C0 ∋ p. Let ci ∈ Ci be the nodes and C
∗ ⊂ C an open subset containing
C0. The injections Ci →֒ C induce maps π1(C
∗ ∩ Ci, ci) → π1(C
∗, ci). (These
are in fact injections, but this is not crucial to us.) Thus we obtain maps
π1(C
∗ ∩ Ci, ci) → π1(C
∗, p) which are well defined modulo conjugation by an
element of π1(C0, p).
In particular, if F : C → X is assembled from the maps fi : Ci → X and
X0 ⊂ X is an open subset containing x then
im[π1(F
−1(X0), p)→ π1(X
0, x)]
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contains all the images
im[π1(f
−1
i (X
0), ci)→ π1(X
0, x)] for i = 1, . . . , n.
At least when the base field is algebraically closed, the conjugation by elements
of π1(C0, p) does not matter since F (C0) = {x} so π1(C0, p) is mapped to the
identity.
Note that a similar assertion would not hold without the assumption F (C0) =
x.
3 Proofs of the theorems
First we reduce (3) to the a priori much weaker (19). Then in the second part
we prove (19). Finally we explain that (3) implies the other statements. We
repeatedly use several properties of stable curves discussed in [Araujo-Kolla´r02,
Sec.8].
Proposition 19. Let X be a smooth, projective, SRC variety over an alge-
braically closed field k and x ∈ X(k). Then there is a family of free genus zero
stable maps with base point x
(C/S, F : C → X × S, σ : S → C)
parametrized by a scheme of finite type S such that for every open subset X0 ⊂ X
with x ∈ X0 the images
im[π1(F
−1
s (X
0), σs(s))→ π1(X
0, x)] for all s ∈ S
(topologically) generate π1(X
0, x).
20 (Proof of (19)⇒(3)). Assume first that k is algebraically closed. We start
with the family (C/S, F : C → X × S, σ : S → C) in (19) and using it we
repeatedly construct other families until we end up with one as required for (3).
(C/S, F : C → X × S, σ : S → C) gives the moduli morphism S →
M¯0(X, Spec k → x) (cf. [Araujo-Kolla´r02, 41]); let S
∗ be its image (as a con-
structibe set).
Pick any s ∈ S(k) and let
Cs ⊂ CUs
ΦUs→ X
↓ ↓
s ∈ Us
be a versal family as in [Araujo-Kolla´r02, 42.5].
To each Us there corresponds a natural morphism Us → M¯0(X, Spec k→ x)
with open image. Finitely many of these cover S∗. From now on we work with
these finitely many families
(CUs/Us,ΦUs : CUs → X × Us, σUs : Us → CUs).
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From (17) we see that the conclusion of (19) remains true if we replace ∪Us
by a dense open subset. By [Araujo-Kolla´r02, 42.3] the points corresponding
to irreducible curves are dense in each Us, thus we may replace each Us by the
open subset of irreducible and free curves.
We now have finitely many (say N) families of stable and free maps
Φj : Uj × P
1 → X with Φj(Uj × (0:1)) = x,
where each Uj is irreducible. We are free to add one more family ΦN+1 :
UN+1 × P
1 → X consisting of very free curves through x. In order to create a
single family, we use a trick introduced in [Kolla´r99].
Pick points uj ∈ Uj and, as in [Araujo-Kolla´r02, 43], assemble a pointed
comb out of the maps Φj,uj : P
1 → X . Since N + 1 ≥ 2, these pointed combs
are stable genus zero curves over X . All these combs are parametrized by
an irreducible variety (the product of the Uj times the space of N + 1 points
on P1). Thus all these combs are in the same irreducible component U ⊂
M¯0(X, Spec k → x).
As before, using (18) we can first replace the families Φj : Uj×P
1 → X with
the irreducible component U of the family of stable curves containing all of the
above combs
fC : C = C0 ∪ · · · ∪CN+1 → X,
and then by (17) with the open subfamily U0 ⊂ U of irreducible and free curves.
The moduli map U0 → Hom(P1, X, (0:1) 7→ x) is dominant onto one of the irre-
ducible components. Let V ⊂ Hom(P1, X, (0:1) 7→ x) be an open set contained
in the image of U0.
Thus we obtain a single irreducible family of stable maps
Φ : V × P1 → X with Φ(V × (0:1)) = x.
We claim that this satisfies all the requirements of (3) for k algebraically closed.
Indeed, V is geometrically irreducible, smooth and open in Hom(P1, X, (0:1) 7→
x) by construction. By [Kolla´r96, II.3.4], the tangent map of F : (V ×(1:0))→ X
at (v, (1:0)) is given by the restriction
H0(P1, F ∗v TX(−(0:1)))→ F
∗
v TX |(1:0)
∼= TX,F (v,(1:0))
which is surjective if H1(P1, F ∗v TX(−2)) = 0. We prove the latter below, thus
F : (V × (1:0))→ X is smooth, at least after passing to a suitable open subset
of V .
Condition (3.2) is not interesting when k is algebraically closed.
Ampleness of a vector bundle E on P1 is equivalent to H1(P1, E(−2)) =
0. By upper semicontinuity, H1(P1, F ∗v TX(−2)) = 0 for general v ∈ V if
H1(C, f∗CTX(−2p)) = 0 for one of the combs fC : C → X and for some smooth
point p ∈ C. Pick p ∈ CN+1. By our choice of the (N + 1)st family, F
∗TX
restricted to CN+1 is ample and all the other restrictions to Ci are semipositive.
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This easily implies that H1(C, f∗CTX(−2p)) = 0, cf. [Araujo-Kolla´r02, 18]. This
proves (3.3) and also (3.1).
Applying (17) several times, we get that the closed subgroup of π1(X
0, x)
generated by the images of π1(P
1
v ∩ F
−1(X0), (0:1)) : v ∈ V is π1(X
0, x) itself.
On the other hand, the image of π1(F
−1(X0K), (v, (0:1)))→ π1(X
0
K , x) is closed
by (11), thus π1(F
−1(X0K), (v, (0:1)))→ π1(X
0
K , x) is surjective, giving (3.4).
Assume next that k is not algebraically closed, and let k¯ be its algebraic
closure. The family constructed above is already defined over a finite Galois
extensions k′/k with Galois group G. (This is automatic in characteristc 0. In
general, note that free curves give smooth points of Hom(P1, X), and the smooth
geometric components of a k-scheme are defined over a separable extension.) We
may also assume that V has a distinguished k′-point v ∈ V (k′). By [Kolla´r96,
II.3.14.2] we may also assume that the corresponding map {v} × P1 → X is an
immersion.
For every ρ ∈ G let
Φρ : V ρ × P1 → X
be the conjugate family obtained by applying ρ to all the defining equations.
We now proceed as above. Pick arbitrary points vρ ∈ V
ρ(k¯) and assemble a
pointed comb out of the maps Φρvρ : P
1 → X . All these combs are parametrized
by an irreducible variety which is now defined over k. (Over k′ this parameter
space is the product of the V ρ times the space of N points on P1. Over k,
it is fibered over the Weil restriction Rk′/kV (see, for instance [Bo-Lu¨-Ra90,
7.6]) with various forms of the space of |G| points on P1 as fibers.) As before,
all these combs are in the same geometrically irreducible component of W ⊂
M¯0(X, Spec k → x).
By (17) we can replace W with the subfamily W of irreducible and free
curves.
In order to check the required properties, the only new aspect is (3.2). The
comb C assembled from the conjugates of {v} × P1 gives a smooth k-point of
W¯ . Indeed, all the conjugates of {v} × P1 → X are immersions, thus C has no
automorphisms commuting with C → X and fixing the base point. Therefore
C gives a smooth point of W¯ by [FultPan97, 2.iii].
21 (Idea of the proof of (19)). Take all possible free, stable, genus 0 curves
g : (c ∈ C) → (x ∈ X) and let H ⊂ π1(X
0, x) be the subgroup (topologically)
generated by all the images π1(C
0, c) → π1(X
0, x) where C0 := g−1(X0). We
want to prove that H = π1(X
0, x). If not, then there is a finite index closed
subgroup H ⊂ H ′ ( π1(X
0, x). The subgroup H ′ corresponds to a degree
d e´tale cover Y 0 → X0 together with a geometric point y → Y 0 lying over
x→ X0. Extend it to a finite morphism p : Y → X .
Since X is simply connected (13), p is not e´tale and so it ramifies along a
divisor D ⊂ Y (using the purity of branch loci).
Pick a general point x′ ∈ p(D) and assume that C ⊂ X is a rational curve
passing through x, x′ and transversal to p(D) everywhere. We hope that C → X
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cannot be lifted to Y . The local picture we should have in mind is
Y = C2y1,y2
(y1,y2) 7→(y1,y
m
2
)
−→ C2x1,x2 = X.
Here D = (y2 = 0) and p(D) = (x2 = 0). Set y
′ := (0, 0) ∈ Y . If C is the
line (x1 = 0) through x
′ := (0, 0) then p−1(C) is the irreducible curve (y1 = 0)
through y′. Thus the inclusion C →֒ X cannot be lifted to C → Y in such a
way that x′ ∈ C is mapped to y′ ∈ Y .
This is, however, only the local picture. The global problem is that Y has
many other points over x′ besides y′, and p ramifies only at some of these. The
best we can say is the following.
The fiber product CY := Y ×X C is a smooth curve and CY → C definitely
ramifies at CY ∩ D. Thus CY is not the disjoint union of d copies of C. This
means that there is at least one point yi0 ∈ p
−1(x) such that the inclusion C →֒
X cannot be lifted to C → Y sending c to yi0 . For other choices yi ∈ p
−1(x) a
lifting may exist. It is very hard to tell which preimage is which.
Choosing a preimage yi is essentially equivalent to choosing a conjugate of
the subgroup H ′, thus we cannot move freely between the different preimages.
We circumvent this problem as follows.
First we choose a general smooth rational curve B ⊂ X passing through a
general point z ∈ X and intersecting p(D) transversally everywhere. Let vi ∈ Y
i = 1, . . . , d be all the preimages of z. As with C, there is at least one vi0 such
that B →֒ X cannot be lifted to B → Y sending z to vi0 .
Then we pick other rational curves Ak passing through x and z. We further-
more achieve (and this turns out to be easy for a general point) that the liftings
of the curves Ak connect y with all the different points vi.
This implies that at least one of the reducible curves Ak∪B cannot be lifted
to Y . (See Figure 1.)
There are only two points that need refinement in this method. First, in
positive characteristic the local description of the ramification is much more
complicated than over C. Second, in order to make these choices more uniform,
we should work with a whole family of curves B. This actually also takes care
of the ramification problem. This is done next.
22 (Main construction). Let X be a smooth irreducible variety over an
algebraically closed field k. Assume that we are given two families of curves on
X
U
u
← A
F
→ X and V
v
← B
G
→ X with the following properties.
1. U, V are irreducible k-varieties and u, v are proper, smooth morphisms
with irreducible fibers.
2. F is dominant.
3. u has a section s : U → A such that F ◦ s maps U to a single point
x ∈ X(k).
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Figure 1: A non-liftable reducible curve
4. The images of the maps π1(A, s(u)) → π1(X, x) for u ∈ U topologically
generate π1(X, x).
5. G is smooth and for every divisor D ⊂ X the general G(Bv) intersects D.
Every point of the fiber product W := A ×X B can be thought of as a
quadruplet (au ∈ Au, bv ∈ Bv) such that F (au) = G(bv). To this corresponds a
reducible nodal curve Au ∪au∼bv Bv obtained from the disjoint union of Au and
Bv by identifying the points au and bv. Thus we have a flat family of reducible
but connected curves
W←C
H
→ X.
s : U → A gives a section S :W → C such that H ◦ S maps W to {x}. (C can
be explicitly constructed as
A×U A×X B ∪ A×X B ×V B ⊂ A×U A×X B ×V B,
where the embedding is with Id×X∆B∪∆A×X Id where ∆B : B → B×V B and
∆A : A→ A×U A are the diagonal embeddings. The map C → W is projection
to the middle A ×X B of the above product. Finally S is given by the fiber
product of s with the identity map A×X B = U ×U A×X B → A×U A×X B.)
Proposition 23. Notation and assumptions as above. Then, for every open
set X0 ⊂ X containing x
π1(X
0, x) = 〈im[π1(Cw ∩H
−1(X0), s(w))→ π1(X
0, x)] : ∀w ∈W (k)〉,
13
where 〈· · · 〉 denotes the closed subgroup generated by the images.
Proof. It is enough to show that if (Y 0, y)→ (X0, x) is a pointed finite e´tale
cover with Y 0 irreducible and p : Y → X its extension to a (possibly ramified)
finite morphism then
Hw : Cw = Au ∪au∼bv Bv → X
cannot be lifted to Y for some w.
If Y → X is unramified then there is a u ∈ U(k) such that Au → X can not
be lifted by assumption 4. Thus we are left to consider the case when Y → X
is ramified and every Au → X can be lifted. We claim that in fact F : A→ X
lifts to FY : A→ Y with FY ◦ s : U → y. To see this, consider the fiber product
A ×X Y . s : U → A and the constant map U → y provide σ : U → A ×X Y .
Let AY ⊂ A ×X Y be the unique irreducible component containing σ(U). By
assumption AY → A is an isomorphism on every fiber of A → U , hence an
isomorphism. Thus AY is the graph of the required lifting FY .
FY is dominant, so there is an open setX
1 ⊂ X0 such that FY (A) ⊃ p
−1(X1)
and X1 ⊂ G(B).
Let z ∈ X1(k) be a point and p−1(z) = {v1, . . . , vm}. By assumption there
are ui ∈ U and ai ∈ Aui such that FY (ai) = vi. Pick any v ∈ V (k) and b ∈ Bv
such that G(b) = z.
The quadruplets (ai ∈ Aui , b ∈ Bv) give connected curvesCi := Aui∪ai∼bBv.
If Hi : Ci → X lifts to Hi,Y : Ci → Y then Hi,Y (Bv) is a lifting of G : Bv → X
which passes through vi. Thus we obtain:
Claim 24. Under the above assumptions, the fiber product Bv ×X Y has m
irreducible components, each isomorphic to Bv.
We show that the this is impossible, which implies that our assumption is
incorrect. Thus not all maps Hi : Ci → X lift to Hi,Y : Ci → Y . This will
complete the proof of (23).
It should be emphasized that at this point we only know that Bv×X Y hasm
irreducible components, each isomorphic to Bv. We do not know that Bv ×X Y
is a disjoint union of its irreducible components. The key point is precisely to
establish this for general v ∈ V (k).
Set BY := B ×X Y . G : B → X is smooth, hence BY → Y is also smooth,
thus BY is normal.
Consider the diagram
BY
pB
→ B
G
→ X
vY ↓ ↓ v
V = V.
In characteristic zero, BY normal implies that the geometric generic fiber of
BY /V is also normal, hence it is a disjoint union of its irreducible components.
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In positive characteristic, we have only a weaker result (9), which still says
that the geometric generic fiber of BY /V is a disjoint union of its irreducible
components. In particular, the generic fiber of BY /V is smooth over the generic
fiber of B/V . Thus, after possibly shrinking V , we may assume that pB is
smooth. G is smooth by assumption, hence the composite BY → X is also
smooth.
One can, however, factor this as BY → Y → X . By the purity of branch
loci, Y → X ramifies over a whole divisor D ⊂ X , and so BY → X ramifies
over every point of D. This is only possible if the image of BY → B → X does
not intersect D. This contradicts the assumption 5.
25 (Proof of (19)). All that is left is the construction of the families U ←
A→ X and V ← B → X as in (22). The rest is already taken care of by (23).
For U ← A → X we take a family of rational curves through x that covers
X . Property (22.4) holds by (13).
In order to get the family B → V , it is enough to get a very free curve
P1 → X which has positive intersection number with every divisor. A free curve
has nonnegative intersection number with every divisor. Start with a family
H : U ×P1 → X that shows that X is SRC. The only problem is that its image
may not intersect finitely many divisors D1, . . . , Ds ⊂ X . By [Araujo-Kolla´r02,
29.5] there is a free morphism g : P1 → X whose image intersects every Di.
Now take g(P1) and a curve H(P1u) intersecting it. By [Kolla´r96, II.7] their
union can be smoothed to a free curve which has positive intersection number
with every divisor. The resulting morphism G : B → X is smooth by [Kolla´r96,
II.3.5.3].
26. The additional properties listed in (4) are also easy to get.
First, by [Kolla´r96, II.3.14], F is automatically an embedding for general
w ∈W if dimX ≥ 3, and we can replace W with an open subset at any time
Assume now that we want more ampleness from F ∗wTX . Take a family of
morphisms h : U ×P1 → X such that h∗uTX(−d) is ample and h is smooth. Let
us now look at all maps of one tooth combs g : C0 ∪C1 → X where g|C0 is from
the family F and g|C1 from the family h. Smoothing these as in (20), we get a
new family Fd :Wd × P
1 → X that also satisfies (4.6)
Fix next an embedding X ⊂ PN . All smooth varieties of given degree and
dimension form a bounded family (the Chow variety). Being SRC is an open
property (cf. [Kolla´r96, IV.3.11]), hence all SRC varieties of given degree and
dimension form a bounded family. This implies that we can choose bounded
degree curves for the families A,B in (22). Thus we get families of bounded
degree curves in (19).
There is only one problem left, namely that during the proof in (20) we have
to take all conjugates of a family of curves, and their number does depend on
the field. The families we have are open subsets of an irreducible component of
the Hom scheme Hom(P1, X). We are dealing with maps of bounded degree to a
bounded family of varieties. The relative Hom scheme of bounded degree maps is
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quasiprojective (cf. [Kolla´r96, I.1.10]), hence there is a bound for the number of
irreducible families of bounded degree maps. The number of conjugates cannot
exceed this bound.
27 (Proof of (5)). From (3) we know that π1(F
−1(X0)) → G is surjective.
Applying (16) to F−1(X0) → W we conclude that π1(P
1
w ∩ F
−1(X0)) → G is
surjective for all w in some open subset WG ⊂W .
28 (Proof of (6)). Let us start with a variety X and let k(X) denote its field
of rational functions. The generic point xg ∈ X is a k(X)-point of X , thus
we can apply (3) to Xk(X) and xg. Thus we get a geometrically irreducible
k(X)-variety Vg and a morphism
Fg : Vg × P
1 → Xk(X).
Vg can be thought of as the generic fiber of a map V → X where V is a
geometrically irreducible k-variety. Fg extends to a map which can be composed
with the second projection to obtain
FV : V × P
1
99K X ×X → X.
FV need not be everywhere defined, but it becomes a morphism after restriction
to a suitable open set of the form V ′×P1. By choosing V ′ small enough we can
also assume that FV is free on {v} × P
1 for every v ∈ V ′.
Let us now look at the relative Hom–scheme (cf. [Kolla´r96, I.1.19]) H :=
HomV ′(V
′ × P1, V ′ × X). The restriction of FV to V
′ determines a section
s : V ′ → H and the universal morphism H × P1 → V ′ ×X is smooth over this
section by [Kolla´r96, II.3.5.3]. This also imples that H → V ′ is smooth along
s(V ′), hence H has a unique irreducible component W ′ ⊂ H which contains
s(V ′) and W ′ is geometrically irreducible. Furthermore, there is an open subset
W ⊂ W ′, containing s(V ′) such that the universal morphism F : W × P1 →
V ′ ×X → X is smooth. This gives the required morphism.
29 (Proof of (7)). Choose a partial compactification Y ⊂ Y¯ such that h
extends to a proper morphism h¯ : Y¯ → X . By the upper semicontinuity of fiber
dimensions, there is a closed subset T ⊂ X of codimension 2 such that every
fiber of h over X \ T has the same dimension.
This implies that if B is any irreducible curve and B → X \ T a morphism
then every irreducible component of B ×X Y dominates B. Indeed, the fiber
product B×X Y is the preimage of the diagonal under the morphism B× Y →
X × X . Therefore every irreducible component of B ×X Y has dimension at
least dimY − dimX + 1. If B maps to X \ T then every fiber of B ×X Y → B
has dimension dimY − dimX , hence the claim.
Choose F : W × P1 → X as in (6). F is smooth, so by an easy dimension
count, there is an open subset W 1 ⊂ W such that F (W 1 × P1) ⊂ X \ T (cf.
[Araujo-Kolla´r02, 9]).
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Let
Y 0 := p−1(X0)
q
→ Z0
r
→ X0
be as in (9), where Z0 is normal and irreducible. qw : Y
0 ×X P
1
w→Z
0 ×X P
1
w
has geometrically irreducible fibers, thus it is enough to prove that Z0 ×X P
1
w
is irreducible if w ∈ W 0.
W 1×P1×XZ
0 is irreducible by (3) and also smooth, and it has a section over
W 1, for instance w 7→ (w, 0, F (w, 0)). So the generic fiber of W 1×P1×X Z
0 →
W 1 is irreducible over k(W 1), smooth and it also has a k(W 1)-point. Therefore
it is geometrically irreducible. Thus there is an open subset W 0 ⊂ W 1 such
that the fibers of W 1 × P1 ×X Z
0 →W 1 are geometrically irreducible over W 0
(cf. [EGA, IV.12]).
4 Applications to non–closed fields
In this section we derive some consequences of the previous results to fields
which are not algebraically closed.
Remark 30 (Fundamental groups over non closed fields). If k is a field
then the connected e´tale covers of Spec k are exactly the maps SpecK → Spec k
where K/k is a finite separable field extension. This implies that
π1(Spec(k)) = Gal(k
sep/k)
where ksep is the separable closure of k. In general, the fundamental group of a
k-scheme Xk is made up of the fundamental group of Xk¯ and the Galois group
Gal(ksep/k). To be precise, if Xk is geometrically connected, then there is an
exact sequence
1→ π1(Xk¯, x¯)→ π1(Xk, x¯)→ Gal(k
sep/k)→ 1
and every point of X(k) defines a splitting of the sequence. See [SGA1, IX.6.1]
for details.
This has an important consequence which indicates that surjectivity asser-
tions between fundamental groups are essentially geometric in nature:
Proposition 31. Let k be a field and f : Y → X a morphism of geometri-
cally connected k-schemes. Let y¯ → Y be a geometric point. Then the map of
algebraic fundamental groups
f∗ : π1(Y, y¯)→ π1(X, f(y¯))
is surjective (resp. its image has finite index) iff the map of geometric funda-
mental groups
f∗ : π1(Yk¯, y¯)→ π1(Xk¯, f(y¯))
is surjective (resp. its image has finite index).
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For arithmetic applications of these results it is useful to find maps P1 → X
defined over the ground field. The current results work very well for certain
fields:
32 (Large fields). We are interested in fields K which have the property that
on any variety with one smooth K-point the K-points are Zariski dense. Such
fields are called large fields in [Pop96]. The following are some interesting classes
of such fields:
1. Fields complete with respect to a discrete valuation. This in particular
includes the finite extensions of the p-adic fields Qp and the power series
fields Fq((t)) over finite fields Fq.
2. More generally, quotient fields of local Henselian domains.
3. R and all real closed fields.
4. Infinite algebraic extensions of finite fields and, more generally, pseudo
algebraically closed fields, cf. [Fried-Jarden86, Chap. 10]
For large fields, the existence of a smooth k point in W¯ in (3) implies that
W (k) is dense in W . Using (3) and (5) we obtain the following:
Theorem 33. Let X be a smooth, projective, SRC variety over a large field k
and x ∈ X(k). Then there is a dominant family of rational curves through x
(defined over k)
F :W × P1 → X, F (W × (0:1)) = {x}
with the following properties:
1. F ∗wTX is ample for every w ∈W .
2. Let X0 ⊂ X be any open k-subvariety containing x and π1(X
0, x) ։ G
a finite quotient (whose kernel is open). Then there is a dense subset of
k-points W 0G(k) ⊂ W such that for every w ∈ W
0
G(k) the composed map
of algebraic fundamental groups
π1(P
1
w ∩ F
−1(X0), (0:1))→ π1(X
0, x)→ G is surjective.
An arithmetic application of these results is a simple proof of the follow-
ing theorem, proved in increasing generality in [Harbater87, Colliot-The´le`ne00,
Kolla´r00]. [Moret-Bailly01, Moret-Bailly02] proved analogous results for finite
and smooth group schemes in positive characteristic.
Theorem 34. Let K be a characteristic zero large field, G a linear algebraic
group scheme over K and A a principal homogeneous G-space. Then there
is an open set V ⊂ A1K containing 0 and a geometrically irreducible G-torsor
g : VG → V such that g
−1(0) ∼= A (as a G-space).
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Proof. Assume that G acts on A from the left and choose an embedding
G ⊂ GL(n) over K. The group A×GL(n) admits a diagonal left action by G
and a right action by GL(n) acting only on GL(n).
The right G-action makes the morphism
h : Y 0 := G\(A×GL(n))→ G\(A×GL(n))/G =: X0
into a G-torsor. Let G0 ⊂ G be the connected component of the identity. Then
Z0 := G\(A×GL(n))/G0 → X0
is a finite e´tale cover, hence it corresponds to a finite quotient π1(X
0, x) → H
where x ∈ X(K) is the image of G\(A × G). Let X ⊃ X0 be a smooth
compactification of X0. The variety Z0
K¯
is isomorphic to GL(n), hence X is
unirational and so SRC. The fiber of h over x is isomorphic to A.
Apply (33) to X with the point x to get f : (0 ∈ P1) → (x ∈ X) such that
P1 ×X Z
0 is geometrically irreducible. The fibers of Y 0 → Z0 are torsors over
G0, hence irreducible. Thus P1 ×X Y
0 is also geometrically irreducible. Set
V = f−1(X0) and VG = V ×X Y
0.
Remark 35. We have used the characteristic zero assumption in two places.
The first is the existence of a smooth compactification X . Conjecturally this
is always satisfied. A second point is that in general we can conclude that X
is SRC only if h : Y 0 → X0 is separable, that is when G is smooth. The
computations of [Gille98, Gille01] suggest that in general this may be a quite
subtle point.
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